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Probing spin-charge separation in tunnel-coupled parallel quantum wires
U. Zu¨licke and M. Governale
Institut fu¨r Theoretische Festko¨rperphysik, Universita¨t Karlsruhe, D-76128 Karlsruhe, Germany
(November 2, 2018)
Interactions in one-dimensional (1D) electron systems are expected to cause a dynamical separa-
tion of electronic spin and charge degrees of freedom. A promising system for experimental observa-
tion of this non-Fermi-liquid effect consists of two quantum wires coupled via tunneling through an
extended uniform barrier. Here we consider the minimal model of an interacting 1D electron system
exhibiting spin-charge separation and calculate the differential tunneling conductance as well as the
density-density response function. Both quantities exhibit distinct strong features arising from spin-
charge separation. Our analysis of these features within the minimal model neglects interactions
between electrons of opposite chirality and applies therefore directly to chiral 1D electron systems
realized, e.g., at the edge of integer quantum-Hall systems. Physical insight gained from our results
is useful for interpreting current experiment in quantum wires as our main conclusions still apply
with nonchiral interactions present. In particular, we discuss the effect of charging due to applied
voltages, and the possibility to observe spin-charge separation in a time-resolved experiment.
PACS number(s): 73.63.Nm, 73.40.Gk, 71.10.Pm
I. INTRODUCTION
One-dimensional (1D) electron systems are one of the
theoretically best-studied examples where interactions
lead to strong correlations such that low-energy excita-
tions cannot be described using Landau’s Fermi-liquid
concept.1 As soon as electron-electron interactions are
switched on, electron-like quasiparticles cease to exist at
low energies, and the elementary excitations are phonon-
like charge and spin-density fluctuations, and topological
zero modes. Physical quantities of such a Luttinger liq-
uid2 are determined by the velocities,3 vρ and vσ, of the
charge and spin-density phonons, as well as additional
velocity parameters characterizing the energy of topolog-
ical modes. The most striking non-Fermi-liquid feature is
exhibited by the single-electron spectral function A(k, ε)
which is basically a measure of the integrity of an electron
as an elementary excitation in a many-body system.4 In
the absence of electron-electron interactions, the spectral
function is given by A(0)(k, ε) = 2πδ(ε− εk) where εk is
the electronic band dispersion. For an interacting sys-
tem, the spectral function is generally broadened. How-
ever, in a Fermi liquid, A(k, ε) still exhibits a distinct
single-electron-like peak, making it possible to represent
the system of interacting electrons as a system of non-
interacting quasiparticles that carry the same quantum
numbers as free electrons. Such a quasiparticle peak is
absent in the spectral function of a Luttinger liquid. In-
stead, a characteristic double-peak structure appears.5,6
The existence of the two peaks whose energy dispersions
follow those of the elementary charge and spin-density ex-
citations can be interpreted as the dynamical break-up
of the electron into two independent entities representing
its spin and charge degrees of freedom.7
Experimental verification of spin-charge separation es-
sentially requires a direct measurement of A(k, ε), e.g.,
by photoemission8 or tunneling9,10 spectroscopy. Recent
progress in fabrication techniques has made it possible
to create a system of two parallel quantum wires that
are separated by a long and clean tunnel barrier.11 Uni-
formity of tunneling between the two quantum wires,
labeled U(pper) and L(ower), respectively, implies that
canonical momentum is approximately conserved in a sin-
gle tunneling event. The possibility to tune canonical
versus kinetic momentum by an external magnetic field
makes it possible to perform momentum-resolved tun-
neling studies.12 For example, in a 1D Fermi liquid, res-
onances appear in the magnetic-field dependence of the
linear tunneling conductance whenever Fermi points from
different wires overlap,13,14 i.e., when for any α, α′ = ±
the parameter
καα′ =
π
2
(α′ nU − αnL) + e
h¯
B d (1)
vanishes. [Here, nU(L) denotes the 1D electron density
in the U (L) wire when no voltage is applied, B is the
magnetic field applied perpendicular to the plane defined
by the two wires, and d their separation.] Close to these
resonance condition of Eq. (1), the differential tunneling
conductance (DTC) as a function of voltage and mag-
netic field can be expected to show features arising from
spin-charge separation. This motivates the first part of
our study, detailed in Sec. II, where we calculate the DTC
to lowest order in perturbation theory close to the res-
onance point corresponding to α = α′ = + for a model
1D electron system where interactions between electrons
with opposite chirality are neglected. It turns out that
charging15 in response to the applied voltage significantly
alters tunneling characteristics. We expect this finding
to hold also in the realistic case of non-chiral quantum
wires.16 Detailed expressions are given for the location of
four characteristic maxima in the DTC that are a mani-
festation of spin-charge separation.17
A perturbative treatment of tunneling is valid only
for calculating physical properties above an, in gen-
1
eral, interaction-dependent18 energy scale. In the ab-
sence of interactions, this scale is given by the tunneling
strength |t|, and the regime where perturbation theory
fails is characterized by spatial and temporal oscillations
in electronic correlation functions.13 These oscillations
result from coherent electron motion between the two
systems.19 In Sec. III, we provide a theoretical framework
to treat the nonperturbative regime with interactions
present using bosonization20,21 and refermionization22,23
techniques. In analogy with previous results,21 a char-
acteristic length scale Lint = πh¯|vρ− − vσ|/|2t| emerges
from our calculation, measuring the relative strengths
of tunneling and interactions. On length scales shorter
than Lint, tunneling is irrelevant, i.e., it does not affect
the electronic structure of the two wires.21 In the op-
posite limit of large length scales, however, we identify
spatial oscillations in the density response with a wave
length Lt = πh¯
√
vρ−vσ/|t| that is renormalized from its
value πh¯vF/|t| in the noninteracting limit. In addition,
we show a peculiar mode splitting to occur in the density
response that is similar to the one found previously20,21
for the single-electron Greens function. Besides charac-
teristic charge-mode velocities vρ±, an additional veloc-
ity v¯ = 2vρ−vσ/(vρ− + vσ) appears in the density re-
sponse that should be observable, in principle, in a time-
resolved experiment. Its existence is a manifestation of
spin-charge separation in the tunnel-coupled double-wire
system. The naive expectation that the density response
is sensitive just to the charge mode is satisfied only in the
previously mentioned limit where interactions dominate
tunneling.
In our study of spin-charge separation in tunnel-
coupled quantum wires, we consider a particular model
for an interacting 1D electron system. To be specific,
the wires are assumed to be parallel to the x direction,
located at y = 0 and z = zU,L, respectively. The Hamil-
tonian is given by
H = H0 +Htun +Hint , (2a)
H0 =
∑
kσ
αβ
[αh¯vFβ (k − αkFβ) + νβ eVβ ] c†kσαβckσαβ , (2b)
Htun = t
∑
kσα
{
c†kσαUckσαL + c
†
kσαLckσαU
}
, (2c)
Hint =
1
2L
∑
αq
ββ′
Uββ′
(∑
σ
̺qσαβ
)(∑
σ′
̺−qσ′αβ′
)
. (2d)
Indices β, β′ = U,L distinguish between the upper and
lower wire, and α = ± between right-movers and left-
movers. Spin quantum numbers are denoted by σ, σ′.
Each wire’s Fermi wave vector kFβ =
pi
2nβ +
eB
h¯ zβ con-
tains the effect of a magnetic field24 ~B = B yˆ. A volt-
age VU(L) is applied to the U (L) wire, and (in general,
voltage-dependent) parameters νβ measure the resulting
shift of electron bands.25 The wires are coupled by a
tunneling matrix element t chosen to be real. Fourier
transforms of the density of spin-σ electrons from the α
branch in the β wire are denoted by ̺qσαβ . Interactions
included in Hint are chiral, i.e., only electrons from the
same branch (right-moving or left-moving) within each
wire and between the two wires interact. This model
applies directly to interacting edge channels in quantum-
Hall bilayers26 when each layer is at filling factor 2 and
Zeeman splitting is negligible. Interactions between left-
moving and right-moving electrons which are present in
real quantum wires are not accounted for in our model.
It turns out, however, that strong features arising from
spin-charge separation are accurately described already
by the chiral model.6,21,9 For example, the redistribution
of spectral weight due to non-chiral interactions leads
only to small additional structure in the DTC.10,17 Pos-
sibilities to go beyond the chiral model are discussed in
Sec. III.
II. PERTURBATIVE TREATMENT
Results presented in this section are obtained within
lowest-order perturbation theory in the tunneling Hamil-
tonian displayed in Eq. (2c). We focus on magnetic fields
and voltages close to the resonance point where only
right-movers tunnel. [See Eq. (1) for α = α′ = +, and
the inset of Fig. 1.] In the following two subsections, we
provide details of the calculations and give results for the
differential tunneling conductance (DTC), respectively.
A. Formalism
A standard calculation4 to lowest order of perturbation
theory in Htun yields the expression
I = 4e
|t|2
h¯2
L ℑm
{∫
x
∫
τ
eiωτJ (x, τ)
}
iω→eV +iδ
(3)
for the tunneling current. Here we denoted the barrier
length by L and the electrochemical-potential difference
across the barrier by V = VU − VL. The Matsubara
Greens function
J (x, τ) =
−
〈
Tτψ
†
σ+U(x, τ)ψσ+L(x, τ)ψ
†
σ+L(0, 0)ψσ+U(0, 0)
〉
(4)
can be calculated straightforwardly10 using bosoniza-
tion methods. Here we used the notation ψσ+β(x, τ) =∑
k e
ikxckσ+β(τ). At zero temperature, we find
J (x, τ)|T=0 =
exp
{
ix
(
eVL
h¯vFL
(1− νL)− eVUh¯vFU (1− νU)− κ++
)}
(2π)2(vσLτ − ix) 12 (vσUτ − ix) 12 (vρ+τ − ix) 12+θr(vρ−τ − ix) 12−θr
. (5)
2
Spin-charge separation is manifested by the occurrence
of four algebraic singularities in the Greens function
J (x, τ). vσβ = vFβ are the velocities of spin-density exci-
tations in the two wires, which are unaffected by interac-
tions. The charge-density eigenmodes in the double-wire
system have velocities
vρ± =
vρU + vρL
2
± |UUL|
πh¯
√
1 + r2 (6)
that differ from the charge-mode velocities vρβ = vFβ +
Uββ/(πh¯) of the two respective wires due to inter-wire
interactions. Here r = π|vρU − vρL|/|2UUL|. Another
consequence of inter-wire interactions is the finite expo-
nent θr = 1/(2
√
1 + r2). Note that, in the limit of strong
interactions where r→ 0, the singularity in J (x, τ) asso-
ciated with velocity vρ− disappears, and the singularity
for vρ+ changes into a pole. κ++ is the resonance pa-
rameter, defined in Eq. (1), that measures the distance
of the Fermi points for right-movers in the two wires at
zero applied voltage.
In real quasi-1D systems, voltage-induced shifts of elec-
tron dispersion curves, denoted here by νU(L)eVU(L), de-
pend strongly on sample details. It is for that reason
that we treat νU(L) as free parameters when calculating
the differential tunneling conductance. Our general dis-
cussion of charging effects is intended to serve as a useful
guide to interpret experimental data. At the same time,
we would like to point out, however, that it is possible to
derive explicit expressions for the parameters νU(L) for
the model specified by Eqs. (2). Application and gen-
eralization of previous studies27 of charging in Luttinger
liquids to our double-wire model system yields
νU = 1− vρLvFU
vρ+vρ−
+
(vρ+ − vρ−)vFU
2
√
1 + r2 vρ+vρ−
VL
VU
, (7)
and an analogous expression for νL. Note that charging
is strongly affected by inter-wire interactions. In particu-
lar, in the limit of strong interactions where no charging
would occur for separated wires, inter-wire interactions
can drive the double-wire system into a regime where
charging is restored.
In the absence of inter-wire interactions, the expres-
sion for the tunneling current given in Eq. (3) reduces to
the familiar form
I =
2e
h¯
|t|2L
(2π)2
∫ eVU
eVL
dε
∫ ∞
−∞
dq AL
(
q − eVL
h¯vFL
(1− νL) + κ++, ε− eVL
)
AU
(
q − eVU
h¯vFU
(1− νU), ε− eVU
)
. (8)
The functions Aβ(q, ε) are known exactly;6 they are the spectral functions of chiral interacting 1D electron systems,
containing right-movers only, that are parameterized by the appropriate pair of spin and charge velocities vσβ , vρβ :
Aβ(q, ε) = Θ(q)Θ(ε− vσβq)Θ(vρβq − ε) + Θ(−q)Θ(ε− vρβq)Θ(vσβq − ε)
π
√|ǫ− vσβq||ǫ− vρβq| . (9)
Results shown in Figs. 1–3 were calculated using Eq. (8)
for the case VU = −VL = V/2. To simplify the nu-
merical calculation of the tunneling current, we have ap-
plied Eq. (8) also to the case with inter-wire interactions
present, which is depicted in the inset of Fig. 3. This ap-
proximation simply amounts to neglecting the correction
θr to exponents in the Greens function J (x, τ) shown in
Eq. (5). The location of the four maxima in the DTC
that are exhibited by the chiral model,17 determined by
the singularities of J (x, τ), will still be reproduced ade-
quately as long as θr < 1/2. The size of spectral weight
inbetween maxima of the DTC, however, will not be given
correctly by this approximation.
B. Results
Strong features arise in the DTC from the algebraic
singularities of the Greens function shown in Eq. (5).
Spin-charge separation is manifested by maxima that
form four characteristic lines as a function of magnetic
field and voltage. This is seen, e.g., in Fig. 1 where we
show the result for the band-shifting limit13 where ap-
plied voltages are assumed to shift electron bands with-
out filling them: νU = νL = 1. The slopes of bright
maxima are given by the inverse of the charge and spin
velocities. [The inset of Fig. 1 shows the DTC for non-
interacting quantum wires in the band-shifting limit,13
indicating the region (inside the square box) that is en-
larged in the main panel where the effect of spin-charge
separation can be observed.] In the more general case,
however, when the quantum wires are also charged by
applied voltages, the slope of these lines is changed. We
have analyzed the expression for the tunneling current
for the case of symmetric bias (VU = −VL = V/2). For
an analytic determination of characteristic equations for
the lines of maximal DTC as a function of magnetic field
and voltage, we use the simplistic replacement
Aβ(q, ε)→ δ(ε− vσβq) + δ(ε− vρβq) ,
obtaining
κ++
eV
=
1 + νL
2vσL
− 1− νU
2vσU
, (10a)
κ++
eV
=
1
vρL
− 1− νL
2vσL
− 1− νU
2vσU
, (10b)
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and corresponding expressions where U and L are
exchanged.28 We see that charging reduces the character-
istic slopes of maxima in the DTC, reaching their small-
est value in the band-filling limit (νU = νL = 0), which
is shown in Fig 2. As becomes clear from specializing
Eqs. (10) to the band-filling limit, there is at least one
negative slope for any quadruple of velocities. This is
very different from the band-shifting case where the tun-
neling current vanishes in the region of negative κ++ and
positive voltage for kinematic reasons.9,10
For realistic quantum wires, an intermediate regime
0 < νU, νL < 1 will be realized where applied voltages
both shift and fill electron bands. Examples are shown
in Fig 3. In the main panel, the DTC for νU = νL = 0.6 is
displayed, illustrating the fact that knowledge of charg-
ing properties is crucial for extracting the charge and
spin velocities from experimental data. The inset shows
the result to be expected for finite inter-wire interactions
(implying vρ+/vσU = 2.56 and vρ−/vσU = 1.44), using
νU(L) calculated from Eq. (7).
III. BEYOND THE PERTURBATIVE REGIME
Bosonization and refermionization29 are powerful
methods enabling exact calculation of electronic corre-
lation functions for interacting 1D systems. Here we
apply these to the tunnel-coupled quantum-wire system
described by the model Hamiltonian (2), extending pre-
vious studies.20–22 In particular, we give explicit expres-
sions for the density response function, which exhibits
features due to spin-charge separation in the limit where
tunneling is relevant. We note that naive straighforward
calculation of the tunneling current within this model
yields a zero result,30 as perfect translational invariance
implies coherent motion of electrons between the wires
and, hence, vanishing current flow. Experimental detec-
tion of the tunneling current requires leads to be attached
to the system which breaks translational invariance and
results in a finite current.13,10 Perturbation theory actu-
ally simulates this situation by excluding the possibility
for electrons to tunnel twice, which is adequate only if
the tunneling barrier is shorter than πh¯
√
vFUvFL/|t|.13
A. Reexpressing the Hamiltonian in new variables
The HamiltonianH for the interacting double-wire sys-
tem given in Eqs. (2) contains eight flavors of electrons,
distinguished by spin, wire index, and chirality. Follow-
ing the steps outlined in Appendix A, it is possible to
rewrite H in terms of new degrees of freedom whose dy-
namics is simpler than that of the original electrons:
H =
∑
α
{ ∑
γ=c,s
H(α)γ +
4∑
j=1
H
(α)
j +H
(α)
t
+H
(α)
δ +H
(α)
corr
}
(11a)
H(α)γ =
h¯vγ
4π
∫
dx
(
∂xΦ
(α)
γ
)2
, (11b)
H
(α)
j =
h¯vj
2
∫
dx χ
(α)
j (−i∂x)χ(α)j , (11c)
H
(α)
t = 2t
∫
dx iχ
(α)
1 χ
(α)
2 , (11d)
H
(α)
δ = δ
∫
dx iχ
(α)
2 χ
(α)
3 , (11e)
H(α)corr =
∫
dx
[
∆c
(
∂xΦ
(α)
c
)
iχ
(α)
3 χ
(α)
2
+∆s
(
∂xΦ
(α)
s
)
iχ
(α)
4 χ
(α)
1
]
. (11f)
Here, the chiral boson fields Φ
(α)
c,s represent fluctuations in
the total charge and spin density in the double-wire sys-
tem; they are defined by ∂xΦ
(α)
c /π = ̺↑αU+̺↑αL+̺↓αU+
̺↓αL and ∂xΦ
(α)
s /π = ̺↑αU+ ̺↑αL− ̺↓αU− ̺↓αL, respec-
tively. The fields χ
(α)
j = χ
(α)†
j are Majorana fermions.
Their relation with the original electronic degrees of free-
dom is highly nonlinear. (See Appendix A.) Physical ob-
servables can be written in terms of the bosonic normal
modes as well as the Majorana fermions. For example,
the density of current flowing from the upper wire to the
lower one is given by j = e/h¯ · t ∑α i χ(α)1 χ(α)3 , and the
density of electrons with chirality α in the U (L) wire is
˜̺αU(L) =
∑
σ
̺σαU(L) =
∂xΦ
(α)
c
2π
−
(+) i χ
(α)
2 χ
(α)
3 . (12)
The advantage of representing H in terms of the
bosonic fields Φ
(α)
c,s and the Majorana fermions is that in-
teractions are absorbed into their respective velocities.31
We find vc = (vFU + vFL + [UUU + ULL + 2UUL]/πh¯)/2,
v2 = v3 = (vFU + vFL + [UUU + ULL − 2UUL]/πh¯)/2,
and vs = v1 = v4 = (vFU + vFL)/2. The parameter
δ = e(νLVL − νUVU) + (vFU + vFL)κ++/2 is given in
terms of the applied voltages and magnetic field, and
H
(α)
corr contains the effect of the wires being not iden-
tical: ∆c = (vFU − vFL + [UUU − ULL]/πh¯)/2, and
∆s = (vFU − vFL)/2. For comparison, it is useful to
note the relations
vc =
vρU + vρL
2
+
UUL
πh¯
, (13a)
vs = v1 = v4 =
vσU + vσL
2
, (13b)
v2 = v3 =
vρU + vρL
2
− UUL
πh¯
, (13c)
in terms of velocities defined in Sec. II A. When inter-
wire interactions are strong, i.e., πh¯|∆c/UUL| ≡ r ≪ 1,
we find vc ≈ vρ+ and v2 = v3 ≈ vρ−.
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B. Results for the density response function
We consider the retarded real-time32 density response
function
D(α)ββ′(x, τ) = −iΘ(τ) 〈[ ˜̺αβ(x, τ), ˜̺αβ′ (0, 0)]〉 (14)
for the special case of identical wires (∆c = ∆s = 0) but
with inter-wire interaction present. This extends previ-
ous work21 to the experimentally relevant situation in
real double-wire systems. Hence, in the following, we
have vc ≡ vρ+, vs = v1 = v4 ≡ vσ, and v2 = v3 ≡ vρ−.
The density response function is then the sum D(α)ββ′ =
D(α)c + ηββ′D(α)n of a contribution from the total-charge
mode, D(α)c (x, τ) = Θ(τ) δ′ (x− αvρ+τ) /2π, where the
prime denotes differentiation with respect to the argu-
ment of the delta function, and a term originating from
the Majorana fermions. Here ηUU = ηLL = −ηUL =
−ηLU = 1. Further simplification arises in the case
δ = 0 (‘on resonance’ according to the definition given
in Ref. 13) where spatial oscillations due to coherent mo-
tion of electrons between the two wires can be expected
to be largest. Details of our calculation can be found in
Appendix B. A characteristic length scale emerges, given
by Lint = πh¯|vρ− − vσ|/|2t|, which measures the relative
strength of tunneling and interactions. Note that vρ−
differs from vσ by the difference of intra and inter-wire
interactions. It approaches the spin-mode velocity not
only in the limit of weak interactions but also when in-
teractions between and within the wires are equal. On
length scales that are large compared to Lint, i.e., when
|x− αv¯τ | > Lint, we find
D(α)n (x, τ) =
Θ(τ)
2π
v¯
vρ−
cos
(
2πx
Lt
)
× [v¯δ(x− αv¯τ)− vρ−δ(x− αvρ−τ)] /[(vρ− − v¯)x] , (15)
showing oscillations with wave length Lt =
πh¯
√
vρ−vσ/|t|, and two propagation velocities vρ− and
v¯ = 2vρ−vσ/(vρ− + vσ). On length scales shorter
than Lint, which can be of practical relevance for
strong asymmetric interactions, the neutral-mode den-
sity response depends on vρ− only: D(α)n (x, τ) =
Θ(τ) δ′ (x− αvρ−τ) /2π.
Single-electron Greens functions in tunnel-coupled 1D
electron systems have been shown20,21 to exhibit three
singularities as opposed to the two associated with spin
and charge degrees of freedom in the single system. In
one of the studies,21 the velocity of the additional mode
is given by the analog of v¯. From our results above,
we see that this new mode also appears in the density
response and should therefore be observable in a time-
resolved experiment.33
Let us briefly comment on the effect of deviations from
the ideal case considered here. When the wires are not
identical, H
(±)
corr effectively introduce interactions between
bosonic normal modes and fictitious fermions. Addi-
tional interaction terms appear when forward scatter-
ing between left-movers and right-movers is included. In
principle, these could be treated within a self-consistent
mean-field approximation, yielding a Hamiltonian of the
form H−∑αH(α)corr with renormalized parameters. From
our experience,13 we expect such nonidealities to sup-
press the amplitude of coherent charge oscillations.
IV. CONCLUSIONS
We have considered a model system for interacting
tunnel-coupled quantum wires where interactions be-
tween electrons of opposite chirality are neglected. Sig-
natures of spin-charge separation are found to appear in
the differential tunneling conductance. We give explicit
expressions for how these features depend on spin and
charge velocities in the wires as well as parameters mea-
suring charging of the wires due to the applied voltage.
Inclusion of nonchiral interactions which are present
in real quantum wires will not affect these predictions,
as the locations of these particular maxima in the DTC
are captured correctly already in the minimal (chiral)
model. However, the values of characteristic charge and
spin velocities as well as the detailed distribution of spec-
tral weight will certainly be changed by the presence
of nonchiral interactions.10 Most importantly, additional
shadow maxima can appear which we expect to behave
qualitatively similar to those present in the chiral model.
Within a nonperturbative treatment of tunneling and
interactions, we find that spin-charge separation is mani-
fested in the density response function by the appearance
of an additional mode which could be observed in a time-
resolved experiment.
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APPENDIX A: BOSONIZATION AND
REFERMIONIZATION FORMALISM
Here we provide details on how to rewrite the origi-
nal interacting Hamiltonian, given by Eqs. (2), in terms
of bosonic and fictitious fermionic degrees of freedom to
obtain the equivalent but more easily tractable Hamilto-
nian displayed in Eqs. (11). To keep notation simple, we
consider here only the right-moving part of the Hamilto-
nian H , denoted by H+, which contains the terms with
α = + in Eqs. (2). The remaining part of H describ-
ing left-movers is treated analogously. First we apply
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the bosonization procedure outlined in Ref. 20. Using
the representation of antibonding and bonding electron
states in real space, given by Ψσ,± = (ψσ+L±ψσ+U)/
√
2,
we find H+ =
∑
γ=c,sH
(+)
γ + Hc˜ + Hs˜ + H˜
(+)
δ + H˜
(+)
corr,
with H
(+)
γ given by Eq. (11a), and
Hc˜ =
∫
x
{
v˜
4π
(∂xΦc˜)
2
+
g˜4
2
∑
σ
(
Ψ†σ,−Ψ
†
−σ,−Ψ−σ,+Ψσ,+ +H.c.
)}
(A1a)
Hs˜ =
∫
x
{
v˜
4π
(∂xΦs˜)
2
+
g˜4
2
∑
σ
(
Ψ†σ,−Ψ
†
−σ,+Ψ−σ,−Ψσ,+ +H.c.
)}
(A1b)
H˜
(+)
δ = −
δ
2
∫
x
∑
σ
(
Ψ†σ,+Ψσ,− +Ψ
†
σ,−Ψσ,+
)
(A1c)
H˜(+)corr = π
∫
x
∑
σσ′
(∆vF δσσ′ +∆g4)
×
(
Ψ†σ,+Ψσ,+ +Ψ
†
σ,−Ψσ,−
)(
Ψ†σ′,+Ψσ′,− +H.c.
)
(A1d)
Here the tunneling strength has been absorbed in dif-
ferent Fermi wave vectors kFγ = (kFU + kFL) /2 −
γ t/v˜ for the bonding and antibonding fields Ψσ,γ .
In addition to Φc,s that appeared previously,
we have introduced new phase fields defined via
∂xΦc˜/π =
∑
σ
(
Ψ†σ,+Ψσ,+ −Ψ†σ,−Ψσ,−
)
and ∂xΦs˜/π =∑
σ σ
(
Ψ†σ,+Ψσ,+ −Ψ†σ,−Ψσ,−
)
. We have used the ab-
breviations v˜ = (vFU+vFL+[UUU+ULL−2UUL]/2πh¯)/2,
g˜4 = (UUU + ULL − 2UUL)/4, ∆vF = (vFU − vFL)/2, and
∆g4 = (UUU−ULL)/2. A bosonization identity29 relates
the fermionic operators Ψσ,γ to corresponding bosonic
phase fields φσ,γ = (φc + γφc˜ + σ [φs + γφs˜]) /2:
Ψσ,γ(x) =
1√N Fσ,γ e
ixkFγ eiφσ,γ(x) . (A2)
Here, N is a normalization constant, while Fσ,γ de-
notes a Klein factor29 which acts as a ladder operator
for particle species indexed by quantum numbers σ, γ
and obeys fermionic commutation rules. With the help
of the bosonization identity, we can rewrite products of
Fermi operators appearing in Eqs. (A1) entirely in terms
of phase fields and Klein factors. For example, we find
Ψ†σ,−Ψ
†
−σ,−Ψ−σ,+Ψσ,+ =
N−2 F †σ,−F †−σ,−F−σ,+Fσ,+ ei(2Φc˜−4t/v˜) . (A3)
This is how far the bosonization procedure was applied
in Ref. 20 for the special case of identical wires.
We now proceed to refermionize terms in the Hamilto-
nian containing exponentials of phase fields. To this end,
the phase fields Φc˜,s˜ are used to define new fermionic op-
erators, essentially by applying the bosonization identity
in reverse:
ψc˜,s˜ =
1√N Fc˜,s˜ e
ixkc˜,˜s eiΦc˜,˜s(x) . (A4)
Straightforward algebra shows that certain products of
Klein factors appearing in Eq. (A2) exhibit the proper-
ties required for Klein factors Fc˜,s˜. In particular, two
equivalent representations can be found:
F
(1)
c˜ = F↑,+F
†
↓,− F
(1)
s˜ = F↓,−F
†
↑,− , (A5a)
F
(2)
c˜ = F↓,+F
†
↑,− F
(2)
s˜ = F↓,+F
†
↑,+ . (A5b)
As it turns out, products of Klein factors arising in
bosonized expressions for terms in Eqs (A1) that are bi-
linear or quadrilinear in fermion operators can be rewrit-
ten as products of two Klein factors from the represen-
tations introduced in Eqs. (A5). For example, we find
Ψ†σ,−Ψ
†
−σ,−Ψ−σ,+Ψσ,+ = −F (1)c˜ F (2)c˜
ei(2Φc˜−4t/v˜)
N 2 , (A6a)
= i ψc˜ ∂x ψc˜ . (A6b)
Here we applied the bosonization identity given in
Eq. (68) of the first paper cited in Ref. 23. Similarly,
employing the identity F
(1)
s˜ F
(1)
c˜ = F
†
↑,−F↑,+, we obtain
Ψ†↑,−Ψ↑,+ = N−1 F (1)s˜ F (1)c˜ ei(Φc˜+Φs˜−2t/v˜) , (A7a)
= ψs˜ ψc˜ . (A7b)
Note that the sign of the refermionized terms given in
Eqs. (A6b) and (A7b) is determined by the particu-
lar arrangement of Klein factors in the initial bosonized
form as well as the correct representation of Klein fac-
tors [Eqs. (A5)] for the new fermions. All other terms in
Eqs. (A1) that contain products of Fermi operators can
be treated analogously. As a result, we obtain finally
Hc˜ =
∫
x
{
ψ†c˜ (−iv˜∂x + 2t)ψc˜
− g˜4
2π
[
ψ†c˜(−i∂x)ψ†c˜ + ψc˜(−i∂x)ψc˜
]}
, (A8a)
Hs˜ =
∫
x
{
ψ†s˜ (−iv˜∂x)ψs˜
+
g˜4
2π
[
ψ†s˜ (−i∂x)ψ†s˜ + ψs˜(−i∂x)ψs˜
]}
, (A8b)
H˜
(+)
δ =
δ
2
∫
x
(
ψc˜ − ψ†c˜
)(
ψs˜ + ψ
†
s˜
)
, (A8c)
H˜(+)corr = ∆c
∫
x
∂xΦc
(
ψ†c˜ − ψc˜
) (
ψ†s˜ + ψs˜
)
+∆s
∫
x
∂xΦs
(
ψ†c˜ + ψc˜
) (
ψ†s˜ − ψs˜
)
. (A8d)
Using the representation of chiral Dirac fermions in terms
of Majorana fermions according to ψc˜ = (χ1 + iχ2)/
√
2
6
and ψs˜ = (χ3+ iχ4)/
√
2, we obtain Eqs. (11). We would
like to stress the point that only the correct treatment
of Klein factors enables the unambiguous determination
of the velocities of the Majorana modes. Our approach
differs from the one taken in Ref. 21 where fictitious
fermions were defined via phase fields that are linear com-
binations of charge and spin-density phase fields of the
individual quantum wires and not those of the bonding
and antibonding states used here and in Ref. 20.
APPENDIX B: CALCULATION OF THE
DENSITY RESPONSE FUNCTION
We obtain the retarded real-time32 density response
function defined in Eq. (14) by generalizing methods de-
scribed in Refs. 23 to our case of interest. Again, to
avoid unnecessary repetition, we focus only on the case
of right-movers, i.e., α = +. We start by considering the
time-ordered Greens function
DTββ′(x, τ) = −i〈T ˜̺αβ(x, τ)˜̺αβ′ (0, 0)]〉 . (B1)
Applying the representation of charge densities in terms
of the free boson and fictitious-fermion degrees of freedom
given in Eq. (12) and specializing to the case δ = ∆c =
∆s = 0 yields with ηUU = ηLL = −ηUL = −ηLU = 1
DTββ′ = DTc + ηββ′ DT2 DT3 , (B2a)
DTc (x, τ) =
−i
4π2
〈T∂xΦc(x, τ)∂xΦc(0, 0)〉 , (B2b)
DT2 (x, τ) = 〈T iχ2(x, τ) iχ2(0, 0)〉 , (B2c)
DT3 (x, τ) = −i〈Tχ3(x, τ)χ3(0, 0)〉 . (B2d)
For the special case considered here (δ = ∆c = ∆s = 0),
the correlation functions DTc and DT3 (x, τ) are trivial:
DTc (x, τ) =
i
4π2
[x− vcτ + iǫ sgn(τ)]−2 , (B3a)
DT3 (x, τ) =
1
2π
[x− v3τ + iǫ sgn(τ)]−1 . (B3b)
Calculation of DT2 is nontrivial, as χ2 is coupled to χ1
through the term H
(+)
t . It is therefore advantageous to
work in the representation of the fictitious Dirac fermion
field ψc˜ whose Hamiltonian is given by Eq. (A8a), and to
use the identity
DT2 (x, τ) =
1
2
{
〈T ψc˜(x, τ)ψc˜(0, 0)〉+ 〈T ψ†c˜(x, τ)ψ†c˜(0, 0)〉 − 〈T ψ†c˜(x, τ)ψc˜(0, 0)〉 − 〈T ψc˜(x, τ)ψ†c˜(0, 0)〉
}
. (4)
The correlation functions for the field ψc˜ appearing in Eq. (4) can be calculated.
23 After some algebra, we obtain
DT2 (x, τ) =
−i
4π
v1
g˜4
cos
(
2π xLt
)
x
− sgn(τ)x − v1τ + iǫ sgn(τ)
2g˜4x
∫ ∞
0
dω
2π
eiωτ˜ cos[κ(ω)X ] . (5)
Here we used the notation23 X = x/v1v2, τ˜ =
sgn(τ)[v˜X−τ ]+iǫ, and κ(ω) =√4v1v2t2 + g˜24ω2. The ω-
dependence of κ(ω) introduces the crossover scale Lint =
πh¯(v2 − v1)/2t that was found previously21 within a dif-
ferent approach. Inspecting our general result (5) for
DT2 (x, τ) in the limit of length scales that are larger or
smaller than Lint and transforming to the retarded cor-
relation function yields the results quoted in Sec. III B.
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FIG. 1. Density plot of the absolute value of the differ-
ential tunneling conductance as function of voltage V and
magnetic field in the absence of charging effects. The main
figure is the enlargement of the region indicated by a square
in the inset. The origin coincides with the resonance point
κ ≡ κ++ = 0 [see Eq. (1)] where Fermi points for right-movers
in the two wires overlap. Velocity parameters are chosen such
that vρU/vσU = 1.5, vσL/vσU = 2, vρL/vσU = 2.5, and in-
ter-wire interactions are neglected. The energy scale Es is
arbitrary. Slopes of strong (bright) features are equal to the
inverse of the velocity ratios given above.
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FIG. 2. Density plot of the differential tunneling conduc-
tance for the band-filling limit. Parameters are the same
as in Fig. 1. Maxima follow the slopes ± 1
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, respectively. Note
that, for any choice of velocities, there is at least one maxi-
mum following a negative slope.
0 100 200 300 400
0
100
200
300
400
U
σ
v
σ
U
eV/ E
v
0
S
0 1
1
/ 
E
κκ
S
0 100 200 300 400
0
100
200
300
400
σ
v
σ
/ 
E
κκ
S
v
U
−0.25
U
1eV/ ES
0
0
0.25
FIG. 3. Density plot of the absolute value of the differential
tunneling conductance for an intermediate situation where
the applied voltage both shifts and fills electron bands. In
the main figure, we have chosen νU = νL = 0.6, in addition
to parameters used in Fig. 1. Note that the slopes of bright
maxima are suppressed from their value in the band-shifting
case. The inset shows the result for the same system with fi-
nite inter-wire interactions UUL/(pih¯vσU) = 0.25 present and
band-shifting parameters νU = 0.25, νL = 0.05 calculated
according to Eq. (7).
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